Abstract. An ideal I of a ring R is called left N-reflexive if for any a ∈ nil(R), b ∈ R, being aRb ⊆ I implies bRa ⊆ I where nil(R) is the set of 
Introduction
Throughout this paper, all rings are associative with identity. A ring is called reduced if it has no nonzero nilpotent elements. A weaker condition than "reduced" is defined by Lambek in [11] . A ring R is said to be symmetric if for any a, b, c ∈ R, abc = 0 implies acb = 0. Equivalently, abc = 0 implies bac = 0. An equivalent condition on a ring to be symmetric is that whenever a product of any number of elements is zero, any permutation of the factors still yields product zero.
In [12] , a right ideal I of R is said to be reflexive if aRb ⊆ I implies bRa ⊆ I for any a, b ∈ R. R is called a reflexive ring if aRb = 0 implies bRa = 0 for any a, b ∈ R.
And in [14] , R is said to be a weakly reflexive ring if aRb = 0 implies bRa ⊆ nil(R) for any a, b ∈ R. In [8] , a ring R is said to be nil-reflexive if aRb ⊆ nil(R) implies that bRa ⊆ nil(R) for any a, b ∈ R. Let R be a ring. In [1] , R is called a reflexivity with maximal ideal axis ring, in short, an RM ring if aM b = 0 for a maximal ideal the right idempotent reflexive ideal. Left idempotent reflexive ideals and rings are defined similarly. If a ring R is left and right idempotent reflexive then it is called an idempotent reflexive ring.
In this paper, motivated by these classes of types of reflexive rings, we introduce left N-reflexive rings and right N-reflexive rings. We prove that some results of reflexive rings can be extended to the left N-reflexive rings for this general setting.
We investigate characterizations of left N-reflexive rings, and that many families of left N-reflexive rings are presented.
In what follows, Z denotes the ring of integers and for a positive integer n, Z n is the ring of integers modulo n. We write M n (R) for the ring of all n × n matrices, U (R), nil(R) will denote the group of units and the set of all nilpotent elements of R, U n (R) is the ring of upper triangular matrices over R for a positive integer n ≥ 2, and D n (R) is the ring of all matrices in U n (R) having main diagonal entries equal.
N-reflexivity of rings
In this section, we introduce a class of rings, so-called left N-reflexive rings and right N-reflexive rings. These classes of rings generalize reflexive rings. We investigate which properties of reflexive rings hold for the left N-reflexive case. We supply an example to show that there are left N-reflexive rings that are neither right N-reflexive nor reflexive nor reversible. It is shown that the class of left Nreflexive rings is closed under finite direct sums. We have an example to show that homomorphic image of a left N-reflexive ring is not left N-reflexive. Then, we determine under what conditions a homomorphic image of a ring is left N-reflexive.
We now give our main definition. Let F be a field and R = F [x] be the polynomial ring over F with x an indeterminate and α : R → R be a homomorphism defined by α(f (x)) = f (0) where
∈ R is the ring with componentwise addition of matrices and multiplication:
There are left N-reflexive rings which are neither reflexive nor semiprime. The N-reflexive property of rings is not left-right symmetric. Proof. Let eae ∈ eRe be a nilpotent and ebe ∈ eRe arbitrary element with eaeRebe = 0. Then we have ebeReae = 0 since R is left N-reflexive.
Examples 2.4.
(1) Let F be a field and R = M 2 (F ). In fact, R is a simple ring, therefore prime. Let A, B ∈ R with ARB = 0. Since R is prime, A = 0 or B = 0.
Hence BRA = 0. So R is reflexive. Therefore R is N-reflexive. Theorem 2.9. Let R be a ring. Then the following are equivalent.
(1) R is left N-reflexive.
(2) IRJ = 0 implies JRI = 0 for any ideal I generated by a nilpotent element and any nonempty subset J of R.
(3) IJ = 0 implies JI = 0 for any ideal I generated by a nilpotent element and any ideal J of R.
Proof. (2) ⇒ (3) Let I = RaR with a ∈ R nilpotent and J be an ideal of R such that
(3) ⇒ (1) Let a ∈ R be nilpotent and b ∈ R with aRb = 0. Then (RaR)(RbR) = 0.
By (3), (RbR)(RaR) = 0. Hence bRa = 0. Therefore R is left N-reflexive.
For any element a ∈ R, r R (a) = {b ∈ R | ab = 0} is called the right annihilator of a in R. The left annihilator of a in R is defined similarly and denoted by l R (a).
Proposition 2.10. Let R be a ring. Then R is N-reflexive if and only if for any nilpotent element a of R, r R (aR) = l R (Ra).
Proof. For the necessity, let x ∈ r R (aR) for any nilpotent element a ∈ R. We have (aR)x = 0. The ring R being N-reflexive implies xRa = 0. So x ∈ l R (Ra). It can be similarly showed that l R (Ra) ⊆ r R (aR).
For the sufficiency, let a ∈ nil(R) and b ∈ R with aRb = 0. Then b ∈ r R (aR). By hypothesis, b ∈ l R (Ra), and so bRa = 0. Thus R is N-reflexive. Proposition 2.11. Let R be a reduced ring (i.e., it has no nonzero nilpotent elements). Then the following hold. Definition 2.13. Let R be a ring. We call that R is left N-reversible if for any nilpotent a ∈ R and b ∈ R, ab = 0 implies ba = 0.
In [13] , a ring R is called nil-semicommutative if for every nilpotent a, b ∈ R, ab = 0 implies aRb = 0.
Theorem 2.14. If a ring R is N-reversible, then R is nil-semicommutative and N-reflexive.
Proof. Assume that R is N-reversible. Let a ∈ R be nilpotent and b ∈ R with aRb = 0. Then ab = 0. For any r ∈ R, being abr = 0 implies bra = 0, and so bRa = 0. Hence R is left N-reflexive. By a similar discussion, R is right N-reflexive.
So R is N-reflexive. In order to see that R is nil-semicommutative, let a, b ∈ R be nilpotent with ab = 0. N-reversibility of R implies ba = 0, and so bar = 0 for any r ∈ R. Again by the N-reversibility of R, we have arb = 0. Thus aRb = 0.
Note that in a subsequent paper, N-reversible rings will be studied in detail by the present authors.
Let R be a ring and I an ideal of R. Recall by [4] , I is called ideal-symmetric if ABC ⊆ I implies ACB ⊆ I for any ideals A, B, C of R. In this vein, we mention the following result. (1) If R is right N-reflexive, then S l (R) = B(R).
(2) If R is left N-reflexive, then S r (R) = B(R).
Proof.
(1) Let e ∈ S l (R) and a ∈ R. Then (1 − e)Re = 0. It follows that (1 − e)Re(a − ae) = (1 − e)R(ea − eae) = 0. Since ea − eae is nilpotent and R is right N-reflexive, (ea − eae)R(1 − e) = 0. Hence (ea − eae)(1 − e) = 0. This implies ea − eae = 0. On the other hand, (1 − e)R(a − ea)e ⊆ (1 − e)Re = 0. Thus (1 − e)R(ae − eae) = 0, and so (1 − e)(ae − eae) = 0. Then ae − eae = 0. So we have ea = ae, i.e., e ∈ B(R). Therefore S l (R) ⊆ B(R). The reverse inclusion is obvious.
(2) Similar to the proof of (1).
Theorem 2.21. Let R be a right p.q-Baer ring. Then the following conditions are equivalent.
(1) R is a semiprime ring.
(2) S l (R) = B(R).
(3) R is a reflexive ring. (1) R is a semiprime ring.
(2) S r (R) = B(R).
(3) R is a reflexive ring.
(4) R is a left N-reflexive ring.
Proof. Similar to the proof of Theorem 2.21.
Proposition 2.23. Let R be a ring and e 2 = e ∈ R. Assume that R is an Nreflexive. Then aRe = 0 implies ea = 0 for any nilpotent element a of R.
Proof. Suppose that aRe = 0 for any a ∈ nil(R). Since R is N-reflexive, eRa = 0, and so ea = 0.
Question: If a ring R is N-reflexive, then is R a 2-primal ring?
There is a 2-primal ring which is not N-reflexive. 
Extensions of N-reflexive rings
In this section, we study some kinds of extensions of N-reflexive rings to start with, the Dorroh extension D(R, Z) = {(r, n) | r ∈ R, n ∈ Z} of a ring R is a ring with operations (r 1 , n 1 ) + (r 2 , n 2 ) = (r 1 + r 2 , n 1 + n 2 ) and (r 1 , n 1 )(r 2 , n 2 ) = (r 1 r 2 + n 1 r 2 + n 2 r 1 , n 1 n 2 ), where r i ∈ R and n i ∈ Z for i = 1, 2. Let R be a ring and S be the subset of R consisting of central regular elements.
Set S −1 R = {s −1 r | s ∈ S, r ∈ R}. Then S −1 R is a ring with an identity. 
The sufficiency is clear. According to [5] , a ring R is said to be quasi-Armendariz if whenever
The left N-reflexivity or right N-reflexivity and the quasi-Armendariz property of rings do not imply each other. 
Applications
In this section, we study some subrings of full matrix rings whether or not they are left or right N-reflexive rings.
The rings H (s,t) (R) : Let R be a ring and s, t be in the center of R. Let (1) If R is a reduced ring, then H (0,0) (R) is N-reflexive but not reduced.
(2) If R is reduced, then H (1,0) (R) is N-reflexive but not reduced. 
Generalizations, Examples and Applications
In this section, we introduce left N-right idempotent reflexive rings and right N-left idempotent reflexive rings generalize reflexive idempotent rings in Kwak and Lee [9] , and Kim [6] , Kim and Baik in [7] . An ideal I of a ring R is called idempotent reflexive if aRe ⊆ I implies eRa ⊆ I for any a ∈ R and e 2 = e ∈ R. A ring R is said to be idempotent reflexive if the ideal 0 is idempotent reflexive. In [10] , a ring R is called to have the reflexive-idempotents-property if R satisfies the property that eRf = 0 implies f Re = 0 for any idempotents e and f of R. We introduce following some classes of rings to produce counter examples related to left N-reflexive rings.
These classes of rings will be studied in detail in a subsequent paper by authors. 
